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Further Topics in Analysis: Solutions 1

1. (a) D(R) = R, Ran(R) = (0,∞).

(b) D(G) = [−1, 1], Ran(G) = [−1, 1].

(c) D(R) = [0, 1], Ran(R) = [0, 1] for R+ = [0,∞) as defined in the lecture notes [or
D(R) = (0, 1), Ran(R) = (0, 1) if one uses the alternative definition R+ = (0,∞)].

2. (a) Reflexive (x ≤ x + 1). Not symmetric (e.g. (0, 2) ∈ R, but (2, 0) 6∈ R). Not
transitive. (e.g. (2, 1) ∈ R and (1, 0) ∈ R, but (2, 0) 6∈ R).

(b) Reflexive and symmetric. Not transitive (e.g. (0, 1) ∈ R and (1, 2) ∈ R, but
(0, 2) 6∈ R).

(c) Not reflexive (e.g., (0, 0) 6∈ R. Symmetric. Not transitive. (e.g. (2, 12) ∈ R and
(12 , 2) ∈ R, but (2, 2) 6∈ R).

(d) Reflexive, symmetric and transitive. Equivalence classes

[x]R = {y ∈ R | bxc ≤ y < bxc+ 1}.

3. (a) This relation is reflexive: f(x) = f(x) for all x ∈ X. Symmetric: f(x) = f(y) ⇒
f(y) = f(x) for all x, y ∈ X. Transitive: Suppose f(x) = f(y) and f(y) = f(z).
Then f(x) = f(z).

(b) This relation is reflexive: a2 + b2 = a2 + b2 for all a, b ∈ R. Symmetric: a2 + b2 =
c2+d2 ⇒ c2+d2 = a2+b2 for all a, b, c, d ∈ R. Transitive: Suppose a2+b2 = c2+d2

and c2 + d2 = e2 + f2. Then a2 + b2 = e2 + f2. The equivalence class of (a, b)
is {(c, d) ∈ R2|c2 + d2 = a2 + b2}, i.e., a circle centred at the origin and passing
through the point (a, b).
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