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Further Topics in Analysis: Exercises 10

1. Show that if a sequence (gn)n∈N of Riemann-integrable functions gn : [0, 1] → R con-
verges uniformly to a function g : [0, 1]→ R, then g is Riemann integrable.

2. Let f be a continuous real-valued function on [a, b] such that

(∀x ∈ [a, b])(f(x) ≥ 0).

Suppose that there exists x0 ∈ [a, b] such that f(x0) > 0. Prove that∫ b

a
f(x) dx > 0.

3. Let g be a continuous real-valued function on [a, b].

(a) Prove that ∫ b

a
|g(x)| dx = 0

if and only if g(x) = 0 for all x ∈ [a, b].

(b) Is the same statement true with the absolute-value signs removed? Give a proof
or counterexample as appropriate.

(c) Is the same statement true when the continuity hypothesis is dropped? Give a
proof or counterexample as appropriate.

4. Let f and g be a continuous real-valued functions on [a, b], and suppose that

(∀x ∈ [a, b])(g(x) > 0).

Show that there exists c ∈ [a, b] such that∫ b

a
f(x)g(x) dx = f(c)

∫ b

a
g(x) dx.

Give an example to show that this result may fail without the positivity hypothesis on
g.

5. Let f : [0, 1]→ R be defined by f(x) = e−x
2
.

(a) By bounding the function above and below on the interval [0, 1], show that

1− 1/e 6
∫ 1

0
e−x

2
dx 6 1.



(b) Use the inequalities in (a) to crudely estimate the integral to within an error of
0.184.

(c) By using Taylor’s theorem with the Lagrange form of the remainder, approximate
the integral ∫ 1

0
e−x

2
dx

to within an error of 0.005.

Hint: You will need to consider terms in x up to and including degree 6 in the
expansion of e−x

2
.

This material is copyright of the University of Bristol unless explicitly stated otherwise. It is provided
exclusively for educational purposes at the University of Bristol and is to be downloaded or copied for
your private study only.

2


